POLARIZATIONS OF PRYM VARIETIES FOR WEYL GROUPS VIA 

ABELIANIZATION 



HERBERT LANGE AND CHRISTIAN PAULY 

Abstract. Let tt : Z ^ X he a, Galois covering of smooth projective curves with Galois group 
the Weyl group of a simple and simply connected Lie group G. For any dominant weight A 
consider the curve Y = Z/Stab(A). The Kanev correspondence defines an abelian subvariety 
Pa of the Jacobian of Y. We compute the type of the polarization of the restriction of the 
canonical principal polarization of Jac(K) to Px in some cases. In particular, in the case of 
the group Eg we obtain families of Prym-Tyurin varieties. The main idea is the use of an 
abelianization map of the Donagi-Prym variety to the moduli stack of principal G-bundles on 
the curve X. 



1. Introduction 

1.1. Verlinde spaces. Let X be a smooth complex projective curve of genus g and let G 
be a simple, simply-connected complex Lie group. We denote by Aix{G) the moduli stack of 
principal G-bundles and by C the ample generator of its Picard group. The celebrated Verlinde 
formula ( [Falj . |Solj . |So2j ) computes the dimension Ng^i{G) of the space of global sections 
H^{Aix{G), C^'') for any level /. The Verlinde numbers at level / = 1 for the groups of type 
ADE are given in the following table. 



G 


SL(m) 


Spin(2m) 


Eq 


Er 


Eg 






49 


33 


23 
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The number for SLfm) coincides with the number of level-m theta functions on the 



Jacobian of X (see |BNR] ). For the even Spin group the Verlinde number equals the number 
of theta characteristics of X (see [Q]). The striking simplicity of the Verlinde numbers for Eg, 
E-j and E^ was the main motivation for us to try to relate these Verlinde spaces to spaces of 
theta functions on polarized abelian varieties (the Prym varieties) and compute the induced 
polarizations — see Main Theorem. 



1.2. Abelianization of principal G-bundles. The abelianization program of principal G- 
bundles, or more precisely G-Higgs bundles, takes its origin in Hitchin's papers [Hilj and [Hi2j . 
For the case G = SL(m) it is shown in [BNR] that for a sufficiently ramified spectral cover 
^ : V — > V the direct image map 

Prym(V/X) — > Mxi^l^ijn)) 

induces by pull-back an isomorphism between the SL(m)- Verlinde space at level 1 and the 
space of abelian theta functions i7°(Prym(V/V), Ly). For general structure groups G the 
abelianization theory has been worked out by Faltings |Fa2] . by Donagi |Donl] . |Don2j and 
Donagi-Gaitsgory |DGj . 
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1.3. Correspondences on spectral and cameral covers. For general structure groups G 
Prym varieties can be constructed via correspondences on covers of the curve X: 

In |K1] Kanev constructs from the data of a rational map / : C — g = Lie(G) and an 
irreducible representation px : G GL{V) a spectral cover ip : Y ^ equipped with a 
correspondence. He shows that if G is of type ADE, the weight A minuscule and / sufficiently 
general, then the Prym variety Px C Jac{Y) associated with Kanev's correspondence is a Prym- 
Tyurin variety (i.e. the polarization on Px induced from the principal polarization of Jac(y) 
is a multiple of a principal polarization). Note that Kanev's construction is carried out in the 
case X = Pi. 

A different but related construction of Prym varieties is given by Donagi in |Donl] . |Don2j : 
let T C G be a maximal torus, W the Weyl group of G and S^^ = Hom(T, C*) the weight lattice. 
For any cameral cover, i.e. a Galois cover with Galois group W 

n: Z — >X 

satisfying some conditions on the ramification, Donagi introduces the Prym variety Prym(7r, S^^) : = 
Homvi/(Sa;, Jac(Z)) parametrizing VT-equivariant homomorphisms from S^, to Jac(Z). 

In this paper we generalize Kanev's construction to an arbitrary base curve X. Given a Galois 
cover TT : Z — > X and a dominant weight A G S^; we consider the cover of curves 

i/j-.Y — > X, with Y = Z/Stab(A). 

Kanev's construction generalizes (see section 3) to give a correspondence Kx on the curve Y 
defining an abelian sub variety 

Pa C Jac(F), 

which is isogenous to the Donagi-Prym variety Prym(7r,S(^) (Proposition 6.13). 

1.4. The polarization on the Prym variety Px- Let Ly denote a line bundle defining the 
canonical principal polarization on the Jacobian Jac(y). The aim of this paper is to compute 
the induced polarization Ly\Px under certain assumptions. In fact, if qx denotes the exponent of 
the correspondence Kx and dx the Dynkin index of A, our main result is the following theorem 
(we prove a slighty more precise version, see Theorem 18. ip . We use the notation of [Boj for the 
weights. 

Main Theorem. We suppose that the W-Galois cover n : Z ^ X is etale. Then in the cases 
given in the table below the induced polarization Ly\Px is divisible by qx,i-e. Ly\Px = M®"^^ and 
the polarization M on Px is of type K{M) = (Z/mZ)^^.- 



Weyl group of type 


weight A 


qx = dx 


K{M) 




zui] {i,n + 1) = 1 




{Z/{n + l)Zf9 


Dn] n odd 




2n-i 


(Z/4Z)^s 


Ee 


ZUi, Wq 


6 


(Z/3Z)^s 


Ej 


Wj 


12 


(Z/2Z)^f 


Es 


U7s 


60 
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We observe that in all the cases of this table we have an equality (see table in section 1.1) 

dimH^{Px,M)=Ng,i{G). 

A priori it is not clear (e.g. in the case G = E^) whether the linear map between the Verlinde 
space and H^{Px, M) induced by the abelianization map Ag — see below — is nonzero. 

It is well known that the Weyl group of type is closely related to the del Pezzo surface of 
degree 9 — k for 5 < < 8. In fact, a slightly modified lattice of the weight lattice is isomorphic 
to the Picard lattice of the corresponding del Pezzo surface (see |Klt section 8.7]). Moreover, 
for 4 < k < 7 the Kanev correspondence is given essentially by the incidence correspondence of 
lines of the corresponding del Pezzo surface. For k = 8 there are multiplicities due to the fact 
that the weight wg is only quasi-minuscule (see |K1] ). Notice that in these cases the polarization 
M on Px is of type (Z/dZ)^^ where d is the degree of the correponding del Pezzo surface. 

In particular in the case ofW = WlEg) we obtain a family of Prym-Tyurin varieties, i.e. the 
pairs (Pa, M) are principally polarized abelian varieties. It is easy to see that any curve X of 
genus (? > 4 admits an etale Galois covering with Galois group W{Es) and we get a family of 
Prym-Tyurin varieties of dimension 8{g — 1) of exponent 60. We plan to study this family in a 
subsequent paper. 

Probably there is an analogous result in the case that the Galois covering tt : Z —>■ X admits 
simple ramification. Certainly the paper {DGj will be essential for this. We plan to come back 
to it subsequently. 



Note that our results are disjoint from the results in |KT] . First of all, Kanev considers 
only Galois coverings over which are necessarily ramified. Moreover, his correspondence 
satisfies a quadratic equation and he uses his criterion ([K2]) to show that the associated 
abelian subvarieties are principally polarized. In our case the corresponding correspondence 
satisfies a cubic equation (see Theorem 13. 9p and a quadratic equation only on the Prym variety 
Prym(y/X) of the covering ip : Y ^ X. However, the abelian variety Prym(y/X) is not 
principally polarized and thus we cannot apply Kanev's criterion |K2j in order to compute the 
polarization of Px- 

Instead we proceed as follows: We work out a general result on restrictions of polarizations to 
abelian subvarieties (Proposition 12. 101) roughly saying that, if the restricted polarization equals 
the g-fold of a polarization, where q is the exponent of the abelian subvariety, then its type can 
be computed. 

The main idea of the proof is then the use of an abelianization map 

Ae:Prym(7r,§J„^A<x(G'), 

(see Section 7). Here Prym(7r, §j^)„ denotes a certain component of the Donagi-Prym variety 
Prym(7r, Si^). The fact, that the restricted polarization is the gA-fold of a polarization is a 
consequence of the existence of a commutative diagram 

Prym(7r,§^)„ T^{Px) 
MxiG) Mx{SL{m)) 
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(here evx denotes evaluation at A, the map p\ is induced by the representation with dominant 
weight A, and is a certain translation) together with a theorem of Laszlo-Sorger ([LSj, jSo2] ) 
saying that the pull-back of the determinant bundle on A^x(SL(m)) by p\ is the d\-io\d of the 
ample generator of 'Pic{Jvtx{G)) and the assumption q\ = d\. 

The contents of the paper is as follows: In Section 2 we prove the result just mentioned 
concerning restriction of a polarization to an abelian subvariety. In Section 3 we prove that the 
Schur- and the Kanev correspondence belong to the same abelian subvariety. This was shown in 
|LRoj for the special case X = and for a left action of the group. In Section 4 we compute the 
invariants of our main examples mentioned above. In Section 5 we introduce the Donagi-Prym 
variety and derive the properties we need. Section 6 contains some results on Mumford groups. 
In Section 7 we introduce the abelianization map and prove the commutativity of the above 
diagram. Finally, Section 8 contains the proof of our main theorem. 

Finally one word to the group actions: The group W acts on the curve Z as well as on the 
weight lattice §^ and these actions have to be consistently either both left actions or both right 
actions. Since traditionally principal bundles are defined via right actions, we are forced to use 
right actions in both cases. 

We would like to thank Laurent Manivel for a helpful discussion. 

2. Restriction of polarizations to abelian subvarieties 

Let S be an abelian variety with polarization L and associated isogeny ipL '■ S — > S. Denote 
as usual K{L) = keTcpi. We consider an endomorphism u G End(S') satisfying the following 
properties 

• u is symmetric with respect to the Rosati involution, i.e., 

(1) lfLU = UfL, 

where u G End(S') is the dual endomorphism. 

• there exists a positive integer q such that 

(2) = qu. 
We introduce the abelian subvarieties of S 

(3) A = im{u) C ker(g — u) and P = im{q — u) G ker(n) 

and we wish to study the induced polarizations La = L\A on A and Lp = L\P on P, i.e. 
determine the subgroups K{Lp) and K{La)- 
In the sequel we use the following notation 

La:A^S, Lp:P^S, tta-S — > S/A, np : S — ^ S/P. 

where the i's are inclusions and vr's are projections. 

Remark 2.1. (i): For any abelian subvariety A of S there is an endomorphism u satisfying ([T]) 
and ([2]). In fact, this is valid for the composition 

u = La ^Pla f^A G End(S') 

(see |BLt Lemma 5.3.1]). Here ipL^ = qfj^^ : A — > A is an isogeny. 
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(ii) : Let ip : Y — > X be a degree d cover of smooth projective curves. If we identify the 
Jacobians Jac(X) and Jac(y) with their duals via the canonical polarizations, then the dual 
i/j* of the map ip* : Jac(X) — > Jac(y) coincides with the norm map Nm : Jac(y) — > Jac(X). 
Moreover the endomorphism 

t = ^*Nm G End(Jac(r)) 

satisfies ([1]) and ([2]) with q = d. The abelian subvariety P = im{d — t) defined in ([3]) coincides 
with the usual Prym variety (not necessarily principally polarized) of the morphism ip, which 
we denote by Prym(y/X), i.e., 

P = Prym(F/X) = (kerNm)o. 

The endomorphism t is induced by the trace correspondence T on y — see section 3. We denote 
the kernel kerip* : Jac(X) — > Jac(y) by K. We also have the equality 

im{^*) = Jac(X)/ir = im(t). 

Since the norm map Nm is the dual of ip we easily obtain that the group of connected compo- 
nents of the fibre Nm~^(0) is isomorphic to K. 

(iii) : With u also u' = q — u satisfies ([T]) and ([2]). Replacing u by u' interchanges the abelian 
subvarieties A and P. Hence for the following Lemmas it suffices to prove one of the two 
statements concerning A and P and we will do so without further mentioning. 

Recall that the addition map of S satisfies fi = la + i-p and that the following sequence is 
exact 

(4) — >AnP — >AxP^S — >0. 

For any abelian variety B and any positive integer n let Bn denote the subgroup of n-torsion 
points of B. Then we have, denoting by \M\ the cardinality of a set M, 

Lemma 2.2. The finite subgroup An P is contained in Aq and Pq. 

Proof. Let x & A (1 P. Then u{x) = qx, since x & A and u{x) = 0, since x G P. This implies 
the assertion. □ 

Lemma 2.3. \K{La)\ ■ \K{Lp)\ = \An ■ \K{L)\. 

Proof. According to |BLl Corollary 5.3.6] the polarization splits, i.e. = '^La ^ '^Lp, 

which gives 

\Kif^*L)\ = \KiLA)\-\KiLp)\. 
On the other hand, (jl]) implies deg(/i) = |y4 fl P| and thus 

\K{fi*L)\ = \keT{fi^Lfi)\ = deg(/i)2. |ker((^i)| = \A n P\^ ■ \K{L)\. 
Combining both equations gives the assertion. □ 
Lemma 2.4. We have the following equalities of abelian subvarieties of S , 

ipiiP) = sJacS and ifiiA) = S/PcS. 
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Proof. The endomorphism u factorizes as tAV with v : S A. Taking the dual gives the 
factorization 

from which we deduce that 

ker La = S/A C keiu. 

On the other hand we have P C kerw and so ([T]) imphes v^l(-P) C ker-u. This gives the first 
equahty, since both abehan subvarieties are the connected component of the origin of ker u, as 
they are of the same dimension. □ 

We will give two descriptions of the subgroups K{Lp) (= ker((^ip : P — ^ S S — ^ P)) 

and K{La)- We observe that kertp = S/P and, according to Lemma [231 S/P = (Pl{A). Hence 
we obtain 

KiLp)= \J iA + x)nP, 

where A + x denotes the image of A under translation by x. Similarly we have 

K{La)= U {P + x)nA. 

x£K{L) 

In particular, 

AnPcK{Lp) and Ar]PcK{LA). 

For the second description consider the isogenies 

a = tta ■ P — ^ S — ^ S/A with ker a = Af] P 

and 

P = npLA: A^ S ^ S/P with ker p = An P. 
Moreover, define the isogenies 

ifip-.P — >S/A and ifA-.A — > sjp 

by the factorizations '^l\P '■ P S/A ^ S and filA : A S/P S of Lemma [2^ With 
this notation we have 

Lemma 2.5. The following sequences are exact 

(5) — >AnP^ K{Lp) ^ ker((^p) — > with K{L) n P ^ ker(^p) C S/A, 

(6) — >AnP^ K{La) ^ keii^A) — > trnth K{L) n A = ker((^A) C S/P. 
Proof. The dual isogeny of a factorizes as 

a:SjA^S^P. 
By the previous lemma ^l{P) = S/A, which implies that 

(fiLp = ip (fiLl'P = a ipL Lp. 

Hence (fip factorizes as (fip '■ P S/A -—>■ P. Taking the dual and using (pip = ^Lp we 
obtain the following factorization 



,PJUS/A^P 
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which gives the exact sequence ([5]). The assertion on the kernel follows from ker((^p) = 
ker((/?p) = K{L) HP. □ 

In particular we obtain 

\K{Lp)\ = \AnP\-\K{L)nP\ and \K{La)\ = \A n P\ ■ \K{L) n A\. 

Inserting this into Lemma [2.31 we conclude 

Corollary 2.6. \K{L) n A\ ■ \K{L) n P| = \K{L)\. 

Consider the finite groups 

Gp = 'kBTu/P and Ga = ker(g — 'u)/A. 
They are the groups of connected components of kerw and ker(g — u) respectively. 
Lemma 2.7. There are canonical exact sequences 

— y AnP — ^ Aq — ^Gp — ^ and — ^ AnP — ^ Pq — ^Ga — ^ 0. 
Proof. Since P C ker u the endomorphism u descends to an isogeny 

u: S/P — > A, with ker-u = Gp. 
Moreover we know that u\A = q, which implies that the composite isogeny 

A S/P ^ A 

equals q. Taking kernels leads to the first exact sequence of the Lemma. □ 
We denote by 

Ug : Sq — > Aq and {q - u)q : Sq — > Pq 

the restrictions of u and q — u to the g-torsion points Sq. Note that Uq and {q — u)q are nilpotent: 
ii2 = (g _ u)1 = 0. Note moreover that Gp C {S/P)^ and Ga C [S/A)^. 

Lemma 2.8. We have the following equalities of finite groups 

imUq = An P, coker Uq = Gp and im (g — u)q = A fl P, coker (g — u)q = Ga- 

Proof. First we claim that imUq C An P. For the proof let a G imUq. Write a = u{s) with 
s G Sq. Then qs = and therefore a = {u — q){s) G P. 

In order to show equality of these subgroups of Aq we compute their indices. According to 
Lemma 12.71 the index of An P in Aq is \Gp\. The index of im Uq in Aq equals 

\Aq\ \Aq\ , IkerWn 



- ikerugi - . 

\imUq\ \Sq\ \Pq\ 

Moreover since Gp C {S/P)^ the exact sequence 

— > P — >keiu — >Gp — ^ 

remains exact after taking g-torsion points. This implies the first equality. The second equality 
is obvious. □ 

Consider again the isogenies ipp : S/A — > P and (pA '■ S/P — > A. 

Lemma 2.9. We have the following equalities of subgroups of S/A and S/P respectively: 

ker If p = IT a{K{L)) and ker if a = TTpiK{L)). 



8 



Version February 2, 2008 



Proof. The inclusion tta{K{L)) C ker<^p follows from the commutative diagram 



ker(^p| = nP| and |7r^(ir(L))| 



S S 



S/A P 

So it will be enough to show that these two groups have the same order. We have, using ([5]), 

mL)\ 

\K{L)nA\' 

Equality follows from Corollary 12.61 □ 

The following proposition will be applied in the proof of the main theorem (section 8). 

Proposition 2.10. (a).- If La = M'^ for a polarization M on A, we have the following equality 
of subgroups of A, 

K{M) = u{K{L)), 

(b).- If Lp = N'^ for a polarization N on P, we have the following equality of subgroups of P, 

K{N) = {q-u){K{L)). 

Note that La = M'^ for a polarization M on A if and only if the polarization La is divisible 
by g, meaning that Aq C K{La)- In this case 

K{M) = K{LA)/Aq. 



Proof. We take the quotient by A fl P of the inclusion Ag C K{La)- Since by Lemma \2.7\ 
Aq/A n P = Gp and by Lemma [2.51 K{La)/A fl P = ker0A, this gives an inclusion 

Gp C ker 0a- 

Recall that Gp = ker-u/P and by Lemma [2.91 ker*^^ = '^p{K{L))- Therefore 

K{M) = K{LA)/Aq = ker 0a/Gp = {{K{L) + P)/P)/(ker u/P) 

= {K{L) + P)/keTU = u{K{L)). 

□ 

3. The Schur and Kanev correspondences 

3.1. Representations of the Weyl group W. Let W he a Weyl group and let W denote 
the set of its irreducible characters. It is known (see e.g |Spj Corollary 1.15) that all irreducible 
representations of W are defined over Q. Therefore any irreducible representation of W is also 
absolutely irreducible. Given uj E W we choose an irreducible Z[iy]-module S^^ such that 

:= §^ ®z Q 

is the irreducible representation of W corresponding to uj. As outlined in the introduction, we 
consider every representation of as a right-representation. In particular is a right-Z[iy]- 
module with action (A, g) t-^ Xg for A G §^ and g G W. 

Fix a weight A of the lattice which is by definition (see |K1] page 158) a vector 

A G such that Xg - X eS^ \/g eW. 
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Let 7T : Z X denote a Galois covering of smooth projective curves with Galois group W. 
We consider the action of ly on Z as a right-action [z, g) i— for z & Z and g G W. Let 
H := Stab(A) C W denote the stabilizer subgroup of the weight A G K). Then vr factorizes as 
follows 



Z 




Y 



where Y denotes the quotient Z/H. Schur's orthogonality relations induce a correspondence 
on Z which we denote by S\. On the other hand, Kanev |Klj defined in the case X = a 
correspondence on the curve Y , which we denote by Kx. It is the aim of this section to generalize 
Kanev's construction to an arbitrary base curve X and to work out the relation between the 
two correspondences S\ and K\. 



3.2. Schur correspondence. Since is an absolutely irreducible Ty-representation, there is 
a unique negative definite VT-invariant symmetric form ( , ) on with 

(1) (A,/i) G Z for all /i G 

(2) any l^-invariant form on satisfying (1) is an integer multiple of ( , ). 

The Schur correspondence associated to the pair A) is by definition the rational correspon- 
dence on Z over X defined by 

5A = 5^(A^?,A)r,. 

Here T g E Z ^ Z denotes the graph of the automorphism g oi Z. Note that [Xg, X) need not 
be an integer. Considered as a map of Z into the group Dwq{Z) of rational divisors on Z, Sx 
is given by 

gew 

The correspondence S\ descends to a correspondence Sx on Y in the usual way, namely 

Sx = {^x y,),Sx cYxY. 

In order to express this correspondence as a map Y — > DivQ(y), denote d = [W : H] and let 
{gi = 1, (72, ... , gd} denote a set of representatives for the right cosets of H in W: 

W = uUHg,. 

Proposition 3.1. For any y = f{z) eY we have 

d 

Sx{y) = \H\'J2i^g,,XMz^^'). 

i=l 

Note that the left-hand side of this equality does not depend neither on the choice of the 
point z in the fibre over y nor on the set of representatives {gi}- 
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Proof. Since H is the stabihzer of A, we have by definition of -S'a, 

d d 
i=l h&H h'£H i=l k&H geW 

Now, if {gi} is a set of representatives for the right cosets of H, then {g^^} is a set of repre- 
sentatives for the left cosets of H. Hence for any pair (/c, i) e if x {1, . . . , d} there is a unique 
pair {h,j) E H x {1, . . . ,d} such that kgi — gj^h. Moreover, if kgi runs exactly once through 
VF, so do the elements gj^h. This imphes, since ( , ) is 1^-invariant and since H stabihzes A, 

d d 
i=l hGH 1=1 hGH 

This implies the assertion. □ 



3.3. Kanev correspondence. In order to define the Kanev correspondence on Y, let U C X 
denote the complement of the branch locus of tt and fix a point .^o ^ U. Since H is the stabilizer 
of A, the group W acts on the set {A = A^fi, Xg2, ■ ■ ■ , Xgd}- 

The group W also acts on the fibre V'~^(^o)- Note that the group W does not act on the curve 
Y, since the subgroup H is not necessarily a normal subgroup of W. However we can define 
the action of W on the set ip^^i^o) via the monodromy at the point .^o as follows: consider the 
fundamental group 7ii{U,^o) and let Uz = 7i~^{U) C Z and Uy = ip~^{U) C Y. Choose a point 
z & Z such that 7r{z) — ^q. Then 7ri(C/z, z) is a normal subgroup of 7ri{U, ^o) and we have the 
following exact sequence 

0^7ri(Uz,z)^7ri(U,^o)^W^0. 
The monodromy of the cover ip : Uy — > U at the point gives a homomorphism 

The kernel ker p equals nj^7ri(^7y, y) where y varies over the set ■^''^(^o)- We note that 7ri{Uz, z) C 
T^i{Uy, y) for any point y e '0~^(Co)) hence 7ri(C/z, z) C ker p. Therefore the monodromy map p 
factorizes over W 

p : 7ri(C/,eo) ^ Kni{r\io)). 

Notice that according to our definitions the monodromy action of 7ri([/, ^o) on the fibre '0~^(^o) 
is a right action. 

Choosing an element in the fibre ■0~^(Co) induces a bijection 

{A^i,...,A^d} ^^"^(Co), 

which is VF-equivariant according to the definitions. In the sequel we identify the above sets, 
i.e. we label the elements of by A = A^^i, . . . , Xgd- 

For every point ^ & U choose a path 7^ in U connecting ^ and ^o- The path defines a bijection 

p : ^ r\io) = {a = a^i, . . . , a^,} 

in the following way: For any y G denote by 7^ the lift of 7^ starting at y. If \gj e i^'^i^o) 

denotes the end point of 7^, define 
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Define 

Ku,x:={ix,y)ei;-\U)xi;-\U): = ^(y), - (A, A) - 1 > 0}. 

and let Kx denote the closure of Ku^x in F x y. 

Lemma 3.2. The divisor Kx is an integral symmetric effective correspondence on the curve 
Y , canonically associated to the triple (vr, S(^,A). 

Proof. For the first assertion it suffices to show that {\g, A) — (A, A) — 1 is a non-negative integer 
for all g G since ( , ) is a ly-invariant scalar product. But {\g, A) — (A, A) — 1 is an integer, 

since A is a weight. Hence it suffices to show that {Xg, A) > (A, A) for every g & W\H. For this 
note that 

(A, A) - {\g, A) = ]^[{\g, \g) - 2{Xg, A) + (A, A)] = ^(A^7 - A, Xg - X), 

which implies the assertion, since ( , ) is negative definite and H = Stab(A) C W. 

For the last assertion we have to show that the Ku^x does not depend on the choice of the 
path 7^ connecting ^ and ^o- This is a consequence of the ly-invariance of the form ( , ) and the 
above mentioned fact that the monodromy map p factorizes via the group W. □ 

We call Kx the Kanev correspondence associated to the weight A, since it was introduced by 
Kanev in }K1] . Considered as a map Y Div(y), it is given by 

d 

(7) Kx{y) = Y}^Xg,,p{y)) - (A, A) - l]pi-\Xg,) + y. 

i=i 

Note that y is added, since in the sum y appears with coefficient —1, because {Xgi, fi{y)) = 
(A, A) if fi{y) = Xgi. We need the following description of Kx{y)- According to our construction, 
for any y G ip~^{lJ), there is a unique integer iy, I < iy < d such that fi{y) = Xgi^. 

Proposition 3.3. IfyE ^jj^^{U) with n{y) = Xgi^, then 

d 

Proof. By ([71) and using the PF-invariance of ( , ) , we have 

Kx{y) = Yl [(A^7„M^/))-(A,A)-l]/.-^(A^7,) 

= E [iH9r^X)-{X,X)-l]p-\Xg,) 

d 

= Y.[iXg„X)-{X,X)-l]f,-\Xg,g,^). 
i=2 

□ 



12 



Version February 2, 2008 



3.4. Relations between Kx and Sx. We want to work out how the Kanev correspondence 
Kx is related to the Schur correspondence Sx on the curve Y. For this we need a special choice 
of the set of representatives gi, gd of the right cosets of the subgroup H of W. In the sequel 
we choose a set of representatives {^^i = 1, . . . ,gd} such that {gi^, ■ ■ ■ ,gd^} is also a set of 
representatives of the right cosets of H in W. That there is always such a set, is a consequence 
of the marriage theorem of combinatorics (see |Hal Theorem 5.1.7]). 

Proposition 3.4. Let y G ^Ij~^{U) with ^{y) = Xgi^. Then 

d 

Sx{y) = \H\'Y.^Xg„X)fi-\Xg,g,^). 

Proof. According to Proposition 13. H Sx{y) = \H\'^ Yl'j=ii'^9j^ )' where 2; is a point in 

the fiber (p~^{y) C Z. 

Suppose first that fi{y) = X, i.e. iy = 1. As acts by right multiplication on the set 
{A^fi, . . . , Xgd}, we have fj,{ip{z))g = fi^ip^z^)), and hence 

cfiz^i') = ^,-\i,{v{z))g-') = f^-\XgT^) 
for all j. Therefore we get, using the ly-invariance of ( , ), 

d d d 

^x{y) = \H\'J2i^g„X)f^-\X9-') = \H\'J2^X,X9-')f^-\X9-') = \H\'J2i^g„X)f^-\X9,), 
j=i j=i j=i 

where for the last equation we used the fact that with {gi, . . . , gd} also {gi^, ■ ■ ■ , gd^} is a set 
of representatives of the right cosets of H. 

Finally, if 7^ A, we have iJi{y)gl^ = X. Hence we can apply the above equation to the 
bijection Jl = g7^ ■ jj, : ^-^{^{y)) {A^fi, . . . , Xgd}, which gives 

d d 

Sx{y) = \H\'J2(^g^^X)]l-\Xg,) = \H\'J2i^g^^^)^'~'i^9,9^y)■ 

□ 

With the notation and identifications of above we can state the main result of this section 

Theorem 3.5. The Kanev and Schur correspondence Kx and Sx on the curve Y = Z/H 
associated to X are related as follows 

Sx = \HmKx~A + {{X,X) + l)T), 
where A denotes the diagonal inY xY and T = ip*ip^: the trace correpondence of the morphism 
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Proof. It suffices to show that [Sx + \H\\A- Kx)]iy) = [{X, X) + l]\H\'^T{y) for all y e ip-\U). 
But applying Propositions 13.31 and 13.41 we have 

d 

[Sx + \H\\A-K,)]iy) = \H\'[J2{Xgj,X)fi-\Xg,gJ + y 

i=i 

d 

-J2[{Xg„X)-{X,X)-l]fi-\Xg,g,^)] 

3=2 

d 

= \H\\{XA) + l)Y.^'~'^^9my) 

But the right multiphcation with gi^ permutes only the elements Xgi, . . . , Xgd-, which implies 
that ^^=1 fJ'~^{^9j9iy) = i^'^i^iy) = T{y). This completes the proof of the theorem. □ 

Corollary 3.6. deg^A = 1 - rf((A, A) + 1). 

Proof. Note ffist that deg^A = T^g^wi^dA) = iT^g^w^dA) = 0, since T^g^^ Xg is W- 
invariant and thus equal to in V^. This implies deg S'a = and hence Theorem 13.51 gives the 
assertion, since deg A = 1 and deg T = d. □ 

Corollary 3.7. We have the relations 

(1) T5a = 5aT = 0. _ 

(2) KAT = rirA = degKA-T. 

Proof. To obtain (1) we consider T = 7r*7r*, the trace correspondence of vr and note that for all 

zez, 

TSxiz) = J2 i>^9, A) T{z^) = (^9, A) ■ T(z) = deg Sx ■ T{z) = 

ge.W g£W 

and similarly SxT = 0. Now T = jj^ip^T implies the assertion. 

To obtain (2) we compute using A T = T, = dT and Theorem 13.51 

KxT = j^SxT + A T - ((A, A) + 1)T' = T - d{{X, A) + 1)T = deg^A ■ T, 

where the last equation follows from Corollary 13.61 Similarly Theorem 13.51 gives the equation 
KxT = TKx. □ 

For the next theorem we need a lemma. 
Lemma 3.8. sl = e- Sx, with e = ^"^'Z!v^'^^ ^ 

Proof. Schur's orthogonality relations imply that pa = ■ ^a is an idempotent of the rational 
group ring Q[W] or equivalently that Si = e ■ Sx with e = -^^j^f^^, see |LRj Proposition 2.3. 
Note that e < 0, since ( , ) is negative definite. 

According to |Fu] Proposition 16.1.2 (a), {if x ip)*Sx ■ x ip)^:Sx = {(p x ip)^{Sx ■ Sx), which 
implies 

sl = {^xcpUSl) =i^x^Ue-Sx) 

= {(fX <^)*(eA) ■ (y? X ip)^{Sx) = \H\eSx. 

□ 
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Theorem 3.9. The Kanev correspondence K\ satisfies the following cubic equation 

(Kx - A)(K^ + {q^ - 1)A)(:^, - degK^A) = 

^^th q, = G N. 

Proof. Theorem 13.51 and Lemma 13.81 give 

\H\\Kx - A + aT)2 = e\HWKx -A + aT) 

with a = (A, A) + 1. Applying Corollary 13.71 and = dT as well as AT = T, this implies that 
there is a rational number c such that 

(Kx - Ay - j^iKx - A) + cT = 0. 
Multiplying this equation by Kx — degKxA and using Corollary 13.71 again, we get 

(Kx - A) (K, - A - ^A)(^A - deg¥,A) = 0. 
This completes the proof of the theorem. □ 



3.5. The Prym variety Px- We consider the rational correspondence sx = j^Sx- Then sx 
satisfies the relation s\ = —qxSx and by Theorem 3.5 we have 

(8) sx = Kx-A + {{X,X) + l)T. 

Hence we see that sx is an integral correspondence if and only if (A, A) is an integer. This 
happens e.g. for Eg, but not for Eq or E-j - see the tables in section 4. 

The correspondence sx induces a rational endomorphism also denoted by sx G EndQ(Jac(F)). 
We introduce the following abelian subvariety of Jac(y), which we will also call Prym variety 

Px := im(msA) C Jac(F), 

where m is some integer such that m'sx G End(Jac(y)). It is clear that Pa does not depend on 
the integer m. 

Since Kx — A is a correspondence on Y it induces an endomorphism vx G End(Jac(y)). We 
denote by 

S = Prym(F/X) 

the Prym variety of the covering ip : Y ^ X, see Remark I2.1( ii). Since by Corollary 13.71 
Vxt = tvx, we obtain that vx{S) C S. Hence vx restricts to a symmetric endomorphism 

ux G End(S') with u\ = qxUx- 

Proposition 3.10. We have an equality of abelian subvarieties of S 

Px = im{ux) C S. 

Proof. Because of the endomorphisms sx and ux coincide on up to a non-zero integer 
multiple. Moreover the restriction of sx to the subvariety '?/'*Jac(X) is zero because sxt = 
(Corollary 13.71) . The equality now follows since Jac(y) and Jac(X) x S are isogenous. □ 
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Remark 3.11. Note that the abehan subvariety Px C S only depends on A G K; and not 
on the lattice C Kj. Moreover we recall from |Me] Proposition 4.3 (1) that Pa and Px' are 
isogenous for any A, A' G K;. 

Remark 3.12. If ip : Y ^ X is etale, then the Kanev correspondence Kx is fixed-point-free. 
On the other hand we notice that the induced endomorphism vx does not satisfy a quadratic 
equation — only its restriction ux to S — hence we are not in a situation where Kanev's 
criterion (|K2j or jBLj Theorem 12.9.1) applies. 

4. Examples 

As our main examples let us work out the invariants of the last section in the case of a Weyl 
group W of ADE-type. Let it : Z X he a Galois covering of smooth projective curves with 
Galois group W. As weights A we choose the minuscule weights zui (with the notation of [Boj) 
except in the case of type Es, where we consider the quasi-minuscule weight A = tug. As above 
let Vx denote the corresponding absolutely irreducible Q-representation, H the stabilizer sub- 
group of A in and Y = Z/H. If { , ) denotes the uniquely determined VT-invariant negative 
definite symmetric form on Vx as defined in section 3.2, the following tables give the values for 
the numbers (A, A), d = deg(F/X), dimV^, and the degree of the Kanev-correspondence 
Kx- For the definition of the Dynkin index dx see |LS] and also Proposition 17. 4[ The case of a 
Weyl group of type E is closely related to a del Pezzo surface (see [Kl\ ). The last line of the 
first table gives the degree of the corresponding surface. 



Weyl group of type 


Ei = 


^5 =^5 




E-r 




weight A 






Wi, Wq 






(A, A) 


6 
5 


b 
4 


4 


3 
2 


-2 


d = deg(y/X) 


10 


16 


27 


56 


240 


dim Vx 


10 


16 


27 


56 


248 


qx = dx 


3 


4 


6 


12 


60 


deg Kx 


3 


5 


10 


29 


241 


del Pezzo of degree 


5 


4 


3 


2 


1 



Weyl group of type 


An 


Dn 


weight A 


Wi, 1 < i < n 




(A, A) 


i(n+l— i) 

71+1 


n 
4 


d = deg(r/X) 


("t') 


2n-l 


dim Vx 




2n-l 


qx = dx 




2n-3 


deg Kx 




2"-3(^ - 4) + 1 



Proof. The symmetric form ( , ) is given by the negative of the Cartan matrix. This gives the 
value of (A, A) using the explicit form of A as outlined in |Boj . The length of the orbit of A 
under the action of W gives the degree of Y/X. The dimension of Vx follows from the fact that 
A is a minuscule weight, respectively quasi-minuscule weight in the case of Eg. The values of qx 
and degKx are computed by Theorem 3.9 and Corollary 3.6. For the degree of the del Pezzo 
surface see |K1] . For the Dynkin indices see |LSj Proposition 2.6. □ 
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Remark 4.1. We note that in the examples of the tables q\ = d\. This equality of the two 
integers is a coincidence, as e.g. for (G2, vji) : dx = 2, qx = 6 or for (F4, -074) : dx = 6, qx = 12 
see |LS] Proposition 2.6 and [Klj page 176. 

5. The Donagi-Prym variety 

5.1. Definitions and properties. Following [Donl] we introduce the compact commutative 
algebraic group 

Prym(7r,§^) := HomH/(§<^, Pic(Z)), 

which we call the Donagi-Prym variety associated to the pair {tt,E>uj), where n : Z —>■ X is a. 
Galois covering with group W and §>^ is a right-Z[iy]-module. The elements of Prym(7r, E>^) 
are VT-equivariant homomorphisms (p : —>■ Pic(Z); for an alternate description see Lemma 
16.11 Its connected component Prym(7r, S^)o containing is an abelian variety. For any element 
A G §0; we consider the corresponding evaluation map 

evx : Prym(7r, S^) — > Pic(Z), 0(A). 

Proposition 5.1. We have the equality 

HomvK(S<^, Pic(^)) = Homty(Sj^, Jac(Z)). 

In particular all connected components of the image efA(Prym(7r, S^^)) are contained in Jac(Z). 

Proof. Consider a homomorphism G Homvy(§t^, Pic(Z)). The composite map dego0 is a W- 
invariant homomorphism from to Z. Since the dual lattice Hom2(§^,Z) is an irreducible 
M^-module, we obtain that dego0 = 0. □ 

We denote by 

rx = ^Jix-z[w]). 

This is a finite abelian group since K) = ®z Q is an irreducible VT-module. 
Proposition 5.2. The kernel of the evaluation map equals 

ker efA = HomwiXx, Jac(Z)). 

Proof. Let U denote the image of the natural map Z[W] —^S^ defined by a{g) = Xg 

for g & W. Then we have the exact sequence of right Z[iy] -modules 

— ^ t/ ^ §^ ^ Pa ^ 0. 

Now we apply the left-exact contravariant functor Homvi/(-, Jac(Z')) and we obtain the exact 
sequence 

— > Homvi/(PA, Jac(Z)) — > Homvy(§aj, Jac(Z)) Hom^iU, Jac(Z)). 

We then apply the same functor to the surjective Z[W^]-morphism a : 7j[W] — > U and we 
obtain an injective morphism 

d : HomvF(?7, Jac(Z)) — > HomvK(Z[iy], Jac(Z)) = Jac(Z). 

Note that the composite morphism doi equals the evaluation map evx and that ker evx = ker i 
because d is injective. □ 
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5.2. The image of the evaluation map evx. It is clear that 

et;A(Prym(7r,§^))c Jac^(Z), 

where H = Stab(A) and 3ac^{Z) denotes the subvariety of Jac(Z) parametrizing iJ-invariant 
line bundles over Z. We recall the exact sequence of abelian groups ( |Dol] Proposition 2.2) 

— > H* — > Fic{H; Z) ^ Pic^(Z) — > H^{H, C*) — > 0, 

where Pic(if; Z) denotes the group of if-linearized line bundles over Z (see |Dolj section 1) and 
H* = Hom(iJ, C*) denotes the group of characters of H. The map l is the map which forgets 
the if-linearization. 

Proposition 5.3. We have the exact sequence 

(9) — > H* — > 3ac{H; Z) ^ Jac^(Z) — > H^{H, C*) — > 0. 

Proof. We denote by d the degree of the cover : Y X. Consider the following diagram, in 
which the first line is obtained as the kernel of the degree morphism. 



0^ Jac{Y)/H* Jac-^(Z) A H\H,C*) 

0^ Pic{Y)/H* Pic^(Z) A H\HX*) ^0 

jdeg |deg |o 

^ Z 4 Z ^ Z/dZ 

Z/dZ ^ Z/dZ 

The snake lemma now implies that the natural homomorphism c : Jac^(Z) H'^{H,C*) is 
surjective. □ 

In section 6.5 we will show that for any X E E>^ the evaluation map ev\ lifts to Jac{H; Z). 
Finally we also recall the exact sequence 

(10) — > Jac(F) — > 3ac{H; Z) — ^ Z/e^Z — ^ 0, 

a;GBr((/p) 

where x varies over the branch divisor Br((y9) of the Galois covering ip : Z ^Y = Z/ H and 
denotes the ramification index of x. 



5.3. The group Pa. We now compute the finite group Pa in some special cases, which will 
be worked out in detail in section 8. Given a simple Lie algebra g we take for the weight 
lattice of g and denote by Kr C S^^ the root lattice. We use the notation of [Boj . In particular 
ai denote the simple roots and Wi denote the fundamental weights of g. 

Lemma 5.4. In the following cases the group T\ is trivial. 

(1) W = W{Es), A = ZDs. 

(2) W = WiEj), A = wj. 

(3) W = W{Eq), X = wi orX = wq. 

(4) W = W{Dn) with n odd, X = zUn-i or X = zun. 

(5) W = W{An), X = zui with i coprime to n + 1. 
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Proof. In each case we have to show that A • Z[l^] = E)^,. Let a e be a root and let Sq be its 
associated reflection. We have 

Sailed) — W — {w\ol)OL Vro e Sj^. 

Note that for Lie algebras of type ADE all roots a have same length {a\oL) — 2. Here (-j-) 
denotes the Cartan-Killing form on K^. 

(1) Clearly the elements tug and Sa^{w^ are in the lattice A ■ TL\yV\. Moreover Sag(-a78) = 
Cc/g — ag, hence ag G A ■ Z[iy]. The Weyl group W acts transitively on the roots, which 
implies that Ar C A • 'L\yV\. For of type E'g, we have kji — S^^ and we are done. 

(2) As before tiJy, s^^iw'j) G A ■ Z[l^], hence ay G A ■ %\yV\. Since W acts transitively on the 
roots, we have A/? C A ■ Z[H^]. Here roy G A • but tiJy ^ Ar. Since [S^^ : A^^] = 2, 
this implies the assertion. 

(3) The computations are similar to the previous case using (ailzui) = (ctel^e) 1 and 
[So, : Ar] = 3. 

(4) Since W acts transitively on the roots, we obtain as before that Ar C A ■ Since n 
is odd, we have that S^/A/j = Z/4Z is generated by the class of Wn or Wn-\- 

(5) As before we obtain that A^^ C A • 1.[W]. The class of the fundamental weight zui in the 
quotient S^/Aji = Z/(n + 1)Z equals the class of i G Z/(n + 1)Z. The assertion then 
follows. 

□ 



6. MUMFORD GROUPS 

6.1. Twisted Mumford groups. Let T be a torus and suppose we are given a left action of 
the group W on T 

a:W — > Aut(r). 

For any g e W we also denote the automorphism of T by 51. This left action a induces a right 
action of W on the group of characters Hom(T', C*). We suppose that the representation of 
W on Hom(T, C*) ®z Q is irreducible, hence Hom(T, C*) is of the form for some u G W. 
Conversely given a lattice S^^ there always exists a torus T with a left VF-action such that 

:= Hom(r, C*) 

as 1^-modules. We recall that W acts from the right on the curve Z. 

Let Et be a principal T-bundle over Z. The group W then acts from the left on the set of 
principal T-bundles in two different ways: g &W sends Et to 

(1) g*ET, the pull-back of Et under the automorphism g of Z. 

(2) Et xjr, the T-buudle obtained from Et by extension of structure group from T to T, 
where t & T acts on T by left-multiplication with g{t) G T. 

Note that both actions commute. In this paper we will denote the combined left H^-action 
on the set of principal T-bundles by 

g.ET = g*ETX^gT, ioigeW. 

Since the action of on Z is a right action, we have {gig2YET — g'^g'^ET- This implies that 
the action Et) ^ g-ET is a left action. 
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We say that a T-bundle Et is W-invariant if Et — Q-Et for all g G W . Here the symbol ~ 
denotes a T-equivariant isomorphism. Let T denote the sheaf of abelian groups on Z defined by 
T_{U) = Mot{U,T) for any open subset U (Z Z. The cohomology group H^{Z,T_) parametrizes 
isomorphism classes of T-bundles over Z. We denote by H^{Z,T)^ the VT-invariant subset, 
where W acts both on the curve Z and on the torus T. 

Lemma 6.1. There are canonical bijections 

H^(Z,T_)^ = {W -invariant T -bundles Et on Z } 
= Prym(7r,§^). 

Proof. The first equality follows from the definition of H^{Z,T_)^ . For the second equality note 
that the map 

$ : {T-bundles Et on Z} — > Hom(§^, Pic(Z)) 
$(Et) = (0 : §^ ^ Pic(Z), 0(A) = Et C*) 

is bijective. The inverse map is given by mapping G Hom(§^, Pic(Z)) to Et = Li © ■ ■ ■ © L„, 
where Li = 0(Aj), Ai, . . . , A„ being a Z-basis of S^^. One can easily show that the inverse map 
does not depend on the choice of the Z-basis. 

We have to show that = ^{Et) is M^-equivariant if and only if Et — Q-Et for all g G W . 
Since W acts from the right on S^^ and Z, the map is VT-equivariant if and only if 

(11) 0(A(7) = {g~'rm 

for all A G S^^ and g eW. But 

0(A^7) = i?Txr^e = (i?TxjT) xle 

and 

{g~ym = {g-')\ETAn- 

Hence (1111) is valid for all A G if and only if {g^^)*ET — Et x J T, which is the case if and 
only if Et ~ g*ET x J T = q.Et- □ 

Definition 6.2. Given a ly-invariant T-bundle Et over Z we define the a-twisted Mumford 
group of Et by 

G'^iET) := {(7,^?) \geW, 'j-.Et-^ g.ET}, 
where 7 is a T-equivariant isomorphism. The composition law in Q^{Et) is given by 

{i,g)-{f^,g') = {{g-fj') °i,gg'), 

where g.fi : g.ET — > g.{g' .Et) = {gg').ET denotes the isomorphism obtained by applying g. to 
//. 

Since the automorphism group Autr(i?r) equals T, we obtain that the group Q"{Et) fits 
into the exact sequence 

(12) 1 T ^ Q^iET) —^W—^l, 

where the second map is the map which forgets the isomorphism 7. We note that the induced 
action by conjugation of W on the normal subgroup T coincides with a. To simplify notation 
we denote the a-twisted Mumford group Q'^{Et) by A^. 
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Proposition 6.3. Let Et he a W -invariant T-hundle over Z with projection p : Et Z . Then 
the natural T -action on Et extends canonically to a N -action on the variety Et preserving the 
fibers of IT o p : Et X, i.e. there exists a morphism over X defining a group action 

fi: EtX N — > Et, 

which extends right-multiplication ofT on Et- 

Proof. Given n = {'y,g) ^ N we first define 

i^n ■= Pg o 7, 

where Pg is the pull-back of g : Z ^ Z via the projection map p : Et x J 7" Z. This is 
summarized by the diagram 

Et 

g*{ETX^T) ^ EtX^T 
i Ip 

z ^ z. 

In order to define the morphism p., it suffices to define for any n = {^,g) E N the right- 
multiplication with n on Et 

(13) pn. '■ Et — ^ Et satisfying = o /i„ \fn,n' G A^. 

The set of morphisms {pn}n€N is related to the set of "twisted" morphisms {i'n}neN by com- 
position 



P^-.Et^EtX^T^Et, with a, (e,t) = eg-\t). 



Here (e,t) denotes the class of (e,t) G Et x T in the quotient Et xJ T := Et x T/T. Note 
that we use the equality etn = eng~^(t) for e G Et, n = {'y,g) E N and t E T. 

It is now straightforward to check that the set {pn}n€N satisfies (IT^ . □ 



6.2. The relative case. In order to construct the abelianization map (see section 7.3) we need 
to define the twisted Mumford group for families of H^-invariant T-bundles. 

Let 5* be a scheme and let St be a family of T-bundles over Z parametrized by 5", i.e. a 
T-bundle over the product Z x S. Let tts '■ Z x S S denote projection onto the second factor. 
We say that St is W -invariant if for any g E W and any closed point s E S there exists an 
isomorphism 

(14) St\Zx{s} - 9-£T\Zyi{s}- 

The following lemma is the analogue of the see-saw theorem for T-bundles (see |Muj ) . 
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Lemma 6.4. Let At be a family ofT-hundles over Z parametrized by S. Suppose that for any 
closed point s & S the T-bundle ^t|zx{s} 'is trivial. Then there exists a T-bundle M over S 
such that At — ii*sM . 

Applying the preceding lemma to f|T^ we obtain that for any g E W there exists a T-bundle 
Mg over S such that 

St ^ g.ST ® 7i*sMg. 

Moreover the map W H^{S,T_), g i— > Mg is easily seen to be a group homomorphism. 

We now define the a-twisted Mumford group of the family St by 

g'^iST) ■.= {{i,g) \geW, ^-.ST^g.ST^TT^Mg}, 

where 7 is a T-equivariant isomorphism over Z x S. We easily see that the relative Mumford 
group fits in the exact sequence 

1 — y Mot{S,T) — y ^"(^t) — >W — >1. 

If S is complete and connected, then Mor(S', T) = T and for any closed point s E S the 
restriction map 

(15) res, : G'^ISt) Q^'iET), {i,g) ^ {TeSs{^),g) 
is an isomorphism. Here Et := St\zx{s}- 

6.3. Non-twisted Mumford groups. Let G be an affine algebraic group. 

Definition 6.5. Given a principal G-bundle Eq over Z we define the (non-twisted) Mumford 
group of Ec by 

g\EG) := {{l,g) \geW, j:Eg^ g*EG}, 
where 7 is a G-equivariant isomorphism. The composition law in Q^{Eg) is given by 

As before, the group Q^{Eg) fits into the exact sequence 

(16) I ^ Kni{EG) ^ '3\Eg) W — > 1. 
The induced action by conjugation of W on A\xt{EG) is trivial. 

Proposition 6.6. Let Et be a W -invariant T-bundle over Z and denote N = Q'^{Et)- Let 
E^- := Et x'^ N be the principal N -bundle obtained by extending the structure group from T to 
N . Then the exact sequence (fT6l) for Ejq 

1 — > Aut(E^) — > Q\En) — >W — ^ 1 

splits canonically. 

Proof. By Proposition 16.31 the variety Et admits a canonical A^-action. Given e G Et and 
n = {'y,g) & N we denote their product by en. We consider the morphism 
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with e G Et and f G N. Then one easily checks that is well-defined and that it makes the 
following diagram commute 

Et N Et N 



Hence is a lift of the automorphism g to the principal A^-bundle Et x'^ N and we may view 
$n as an element of Q^{En). Moreover = $„/ o $„ and $t = id for all n,n' E N and all 
t E T. Hence the morphism $„ only depends on g E W . This gives the canonical splitting. □ 

6.4. Mumford groups and descent. We recall the relation between the non-twisted Mum- 
ford group Q^{Eg) and descent. 

Definition 6.7. Let Eg be a G-hundle over Z . A W -linearization of the G-bundle Eg is a 
splitting of the exact sequence (fT6|) 

g\EG) w. 

Descent theory gives in the usual way (see |Gr2] ) 

Proposition 6.8. Let Eg be a W -linearized G-bundle over Z . There exists a G-bundle Eg over 
X such that 

Eg ^ 7r*FG 

if and only if for any ramification point z E Z of the covering tt : Z — > X the stabilizer subgroup 
Wz G W of z acts trivially on the fiber {Eg)z- 

Corollary 6.9. // the covering n : Z ^ X is etale, then given Eg over Z there is a bijection 
between the set of W -linearizations on Eg and the set of G-bundles Eg over X such that 
Eg ^ tt*Fg. 

Remark 6.10. We can rephrase Proposition 16.61 by saying that the A^-bundle En := Et x^ N 
admits a canonical ly-linearization. The conditions for descent of E^ to X given in Proposition 
16.81 then translate into certain conditions on the VT-invariant T-bundle Et — for the case of 
cameral coverings, see |DGj . 

6.5. The evaluation map evx lifts. 

Proposition 6.11. For any A G S^; the evaluation map evx lifts to Ja.c{H; Z) ; i.e. there is a 
commutative diagram 

Jac{H; Z) 

Prym(7r,§^) ^ Jac^(Z). 

Proof. We have to show that the line bundle L = ev\{ET) = Et C* admits a canonical 
if-linearization. We denote by A = Ai, . . . , G the W^-orbit of the element A G S^^, with 
d = [W : H] and by Lj := Et x^. C* G Jac(Z) the line bundle obtained through Aj for 
i = 1,. . .,d. As before we denote = Q'^{Et) and we consider V = Ind^(CA) the induced 
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representation of from the representation T — >■ GL{Cx) given by A G Hom(T, C*). The 
restricted representation decomposes as a T-module ([Se] Proposition 15) 

m 



ResriV) 



which imphes tliat the vector bundle En x V decomposes as ^i=iLi . Moreover by 

Proposition [6l6]-£'Af admits a canonical VT-linearization, hence the decomposable bundle E^- x 
V also does. Since the subgroup H G W preserves the direct summand L = Li, we are done. □ 



.N 



In section 7.3 we will need the next lemma. First we introduce some notation. Given A G S^; 
we denote by A = Ai, . . . , A^ G S^; the W^-orbit of A and by Lj := Et x^. C* the associated line 
bundles for z = 1, . . . , ci. We recall (see ffTOj) ) that if vr : Z ^ X is etale, then Jac(y) = Jac(iJ; Z) 
and we denote by M G Jac(y) the line bundle defined by the relation 

!f*M = Li = evxiEr). 

Lemma 6.12. The direct sum ^f^i Li admits a canonical W -linearization and, if n : Z —>■ X 
is Stale, then the W -linearized vector bundle ^f^iLi equals 7r*(?/'*M). 

Proof. We have already seen in the proof of Proposition 16.111 that ^f^i Li admits a canonical 
ly-linearization. If n : Z —>■ X is etale, then there exists a vector bundle A over X such that 
7r*A = ^i^i Li as ly-linearized vector bundles. By adjunction for the morphism : Y ^ X 
we have B.om{ A, ip^^M) = B.om{ip*A, M) and since vr is etale, we have 

d 

Hom(V^M, M) = Hom(7r*A, y?*M)^ = Hom(0 L,;, Li)^, 

i=l 

where the exponent H denotes if-equivariant homomorphisms. The last space contains the 
projection onto the first factor, which is if-equi variant. This gives a nonzero homomorphism 
a: A^ i)^M. 

Similarly one can show using the isomorphism T-Com{ilj^M, Ox) = that 
}iom{ip^M, A) = Hom(0.^-,^ Lj"^)^. As before projection onto the second factor gives a 
nonzero homomorphism (3 : ip^^M ^ A and one easily checks that ao f] = id^.M- Hence a is an 
isomorphism and we are done. □ 



6.6. Relation between the Prym variety P\ and the Donagi-Prym Prym(7r, S^j)- By 
Proposition 16.111 there exists a morphism 

eu\ : Prym(7r, E>uj) — > Ja.c{H; Z) 

and because of the exact sequence (fTOjl the connected component Prym(7r, §^)o containing is 
mapped by evx into Jac(F). 

Proposition 6.13. We have an equality of abelian subvarieties o/Jac(y) 

evx (Prym(7r, §,)o) = Px C Jac(F). 
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Proof. We consider the natural map of Z-algebras 

0: 0End(§^) ^Z[W^]. 

Note that ®z Q is an isomorphism of Q-algebras 0^gfy End(Kj) = Q[Vr]. Taking the tensor 
product over Z[W] with the Z[Vr]-module Jac(Z) induces an isogeny decomposition of Jac(Z) 
(see also [Donlj Formula (5.3)) 

: ®z Prym(7r, §^) ^ Jac(Z) ®^w] ^W] = Jac(Z). 

Moreover the restriction of to A ■ Z (g)^ Prym(7r, §^) is the evaluation map evx (section 5.1). 
With the notation of Lemma 13.81 the multiplication with the idempotent px = ^Sx G Q[IV] 
corresponds under 0(S>zQ to the projection onto the Q- vector space A-Q^qV^ C 0^g|y End(K;) 
(see e.g. |Mej section 4.4). The proposition now follows immediately from the definition of the 
Prym variety Pa- D 



7. The abelianization map: the etale case 

7.1. Grothendieck's spectral sequence. In this subsection we recall some facts related to 
Grothendieck's spectral sequence |Grl] : 

Let W be any finite group — not necessarily a Weyl group, let Z he a. curve with a right 
IV-action with quotient it : Z —>■ X and let A be an abelian algebraic group, which is also a 
W^-module. Let A denote the W^-sheaf of abelian groups defined by A{U) = Mor([/, A) for an 
open subset U G Z. Consider the following two left-exact functors 

Tz : {W^-sheaves over Z} {ly-modules}, ^z{A) = T{Z,A) = global sections of A, 

: {14^-modules} {abelian groups}, (M) = = VT-invariant elements of M. 

Consider the composite functor = F'^ o Tz- Its n-th derived functor, which we denote by 
H^{Z; W; ■), is computed by Grothendieck's spectral sequences 

= HP{W, H^Z, A)) = HP+\Z; W; A) 

'El''' = HP{X, (A)) EP^" = RP+^iZ; W; A) 

and the associated exact sequence of low degree terms of the first spectral sequence is 

(17) ^ E'/ ^E'^ E'/ ^ E'/ ^ E'. 

In the case W acts on a torus A = T with = Hom(T, C*) this exact sequence becomes 
using Lemma [6?T] 

(18) O^H\W,T) ^H\Z-W-T) ^Prym(7r,§^) ^ H'^{W,T) ^ H'^{Z-W]T) 

One can work out the following description of the homomorphism c. Here we omit the details. 

Proposition 7.1. For any T -bundle Et G Prym(7r,§^) the cohomology class c{Et) G H'^{W,T) 
equals the extension class ( fT2l) of the twisted Mumford group Q^^Et) of Et- 

Lemma 7.2. // the covering n : Z ^ X is etale, then H'^{Z; W;T) = 0. 
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Proof. We use the second spectral sequence 'ii^f''^. First we observe that the sheaves -R^7r^(T) 
and i?^7r^(T) are supported on the ramification divisor of vr : Z — > X by |Grlj Theoreme 5.3.1. 
Hence 'E^'^ =' E"'^ = 0. 

Next we claim that vr*(7r^(T)) = T: let C .Z' be a sufficiently small open subset such that 
giy) n = for any g & W and g ^ e — here we use the analytic topology on Z. Then 
the open subset 7r~^(7r(y)) decomposes as a disjoint union IJgeiyfi'(^)- Now the elements of 
7r*(7r^(T))(l^) correspond to PF-equivariant morphisms Mor^{7i~^{iT(y)),T). The restriction 
to V gives a canonical bijection 

MoT'^{Y[g{V),T) = MoTiV,T)=T{V), 

g&W 

which proves the claim. 

Finally we observe that T = (C*)" and since H'^{Z,C*) =0 — this easily follows from the 
exponential exact sequence — > Z ^ Oz — ^ O*^ 0, we obtain that H'^{Z,T) = 0. We now 
conclude that 'E^'° = H^{X,7rY{T)) = 0, since H^{X,7t^{T)) identifies with the VT-invariant 
subspace of T). □ 



For any X eS^j = Hom(T, C*) let H = Stab(A) C W and let /3a be the composite map 

(3x : H\W,T) ^ H\H,T) ^ H\H,C*)- 

If the covering n : Z ^ X is not necessarily etale, we can say the following on the image of c. 
The next proposition will not be used in the sequel as we will concentrate on the etale case. 

Proposition 7.3. We have a commutative diagram 

Prym(7r,§<^) H\W,T) 

Jac^(Z) H^HX*) 

and Pxo c = for any A G . 

Proof. In order to prove that the diagram commutes it is sufficient to combine the three exact 
sequences ( !T7|) obtained in the three cases (W,T), {H,T) and {H,C*) — here the first factor 
denotes the finite group and the second the abelian algebraic group A on which the finite group 
acts. We leave the details to the reader. The claim f3x ° c = c' o ev\ = is an immediate 
consequence of Proposition [KTT] and □ 



7.2. Moduli stack of G-bundles. Let G be a simple and simply-connected algebraic group 
and let T C G be a maximal torus, T C N{T) the normalizer of the torus and W = N{T)/T 
the Weyl group of G. Let := Hom(T, C*) be the weight lattice of G. 

We denote by Aix{G) the moduli stack parametrizing principal G-bundles over the curve 
X. We recall some results from |LSj and |So2j on line bundles over J^x{G): let A G be 
a dominant weight and p\ : G ^ SL(Va) the associated irreducible representation. Then px 
induces a morphism of stacks 

Px ■■ MxiG) ^ Mx{SL{m)), Eg ^ Eg Vx- 
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Here m = dim Vx. We denote by Vx = p*^V the pull-back of the determinant line bundle V over 
A4x{SL{m)). The next proposition is proved in [LSj and |So2] . 

Proposition 7.4. For any simple and simply- connected algebraic group G we have 

(1) There exists an ample line bundle C over A4x{G) such that 

Pic{Mx{G)) ^Z-C. 

(2) For any dominant weight A G S^;; the integer dx defined by the relation 

Vx = C^"^' 

equals the Dynkin index of the representation px ofG. 

7.3. The abelianization map Aq. /^From now on we assume that the Galois covering tt : Z —>■ 
X is etale with Galois group equal to the Weyl group W = N{T) /T. We denote by n G H'^iW, T) 
the extension class of N[T). Note that by Lemma [7.21 and by f|T8l) the homomorphism 

c : Prym(7r, — > H\W, T) 

is surjective. We denote by Prym(7r, S^)„ a connected component of the fibre of c over n. Note 
that all connected components are isomorphic to each other. 

As in section 6.2 we consider a universal family £t of T-bundles over Z x Prym(7r, St^)n — 
note that Et is VT-invariant — and we choose an isomorphism 

e : G'^iET) ^ N{T) 

inducing the identity on the subgroups T of Q^^Et) and N{T) and on the quotient W . The 
existence of 9 follows from ( |T5l) and the fact that Prym(7r, §(^)n lies in the fiber of c over rz, the 
extension class of N{T). 

Proposition 7.5. Given an isomorphism 9 there exists a morphism 

Ae : Prym(7r,§^)„ ^ A^x(G), 
such that for any Et G Prym(7r, Si^)„ the G-bundle AqIEt) satisfies 

TT*Ae{ET) = Etx'^ G. 
The map Ag is called the abelianization map. 

Proof. The existence of the morphism Aq will follow from the existence of a family of N{T)- 
bundles over X parametrized by Prym(7r, Si^)n, or equivalently from the existence of a family of 
iV(T)-bundles over Z with a VT-linearization parametrized by Prym(7r, St^)„. But this follows 
from the relative version of Proposition 16. 6^ which says that the A^(T)-bundle Et xj N{T) 
admits a canonical VT-linearization — here we use the isomorphism 9. □ 

Remark 7.6. (i): Note that Aq factorizes through Mx{N{T)). 

(ii): A priori Ag depends on the choice of 9. Two different choices of 9 differ by an element in 
Aut° (iV(T)), the group of automorphisms of N{T) inducing the identity on T and W. Note 
that T C Aut°(iV(T)) and that Aut°(iV(T))/T = H\W,T). The cohomology groups H\W,T) 
and H'^{W,T) have been computed in |Maj . 
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7.4. Direct images of line bundles. Consider a dominant weight A G and let Vx denote 
the associated irreducible representation of G. We consider the weight space decomposition 

Atee{A) 

where V^^ denotes the weight space of V\ associated to the weight fi E S^^. The Weyl group W 
acts on the set 0(A) of all weights fi such that ^ {0} and decomposes it into k orbit spaces 

e(A) = 0iue2u...uefc. 

For each j = 1, . . . , we choose a weight \j G Qj, i.e. Qj = Xj.W. We introduce for each j the 
subgroup Hj = Stab(Aj) C W and the quotient ipj '■ Z/Hj = Yj^X. Let rij = dimV^-'. Note 
that rij = dimV^^* for any fi & Qj, that Ai = A and ni = 1. 

Since tt is etale, we have Jac(ifj; Z) = Jac(l^) and by Proposition 16.111 there exist morphisms 

evx^ : Prym(7r,§^) — > Jac(K,). 
For convenience of notation we introduce the product and the map 

Jac(y,) := Jac(Fi) x Jac(F2) x ■ ■ ■ x Jac(yfc), eb, := {evxi, ev\2^ • • • ; ^\k)^ 
and the direct image morphism 



^. : Jac(n) A^x(GL(m)), (Mi, M2, . . . , M^) ^ [^,*(M,)] 

Proposition 7.7. We assume tt Stale. Then we have a commutative diagram 

Prym(7r,§^)„ ) Jac(Y.) 



ffin,- 



Mx{G) 



Px 



Mx{GL{m)) 



Proof. Let Et G Prym(7r, The rank-m vector bundle p\ [Ae(£'r)] pulls back under tt to 
the decomposable VT-linearized vector bundle over Z 



EtX^Vx= Et^^VI: = Q 



0^TXJC 



Clearly the Ty-linearization preserves the direct summands 0^^©^ ^ for j = 1, . . . , 

and by Lemma 16.121 we have the equality 

0ETxJC = 7r*(V^,,(M,)), 
as H^-linearized vector bundles. Here Mj = evjlEx). This proves the claim. □ 



Remark 7.8. Note that the composite map ip, o ev, = p\o Ag takes values in A4x{,SL{m)). 
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8. Proof of the main theorem 

For the convenience of the reader we recall the set-up of our main result. Let G be a simple 
and simply-connected algebraic group and T (Z G a maximal torus. Let W := N{T)/T denote 
the Weyl group of G and := Hom(T, C*) the weight lattice. Let vr : Z — > X be an etale Galois 
covering of smooth projective curves with Galois group W. For a dominant weight A G S^^ we 
consider the Prym variety (see section 3.5) 

Pa C Jac(F) 

with Y = Z/H and H = Stab(A). Let Kx denote the Kanev correspondence on the curve Y. 
Let Ly be a line bundle over Jac(y) representing the principal polarization. Then we can prove 
our main result. 



Theorem 8.1. Assume that the following holds: 

• the W -covering n : Z —>■ X is etale, 

• q\ = dx, 

• the group Tx = S^/A ■ ZlW] is trivial, 

• the weight A is minuscule or quasi-minuscule, 

• the homomorphism tp* : Jac(X) —>■ Jac{Y) is injective. 

Then 

(1) there exists a line bundle M over Px such that 

Ly\Px = M®'i\ 

(2) the type of the polarization M over Px equals 

deg(r/X) 



K{M) = (Z/mZ)29, with m 



gcd(deg(irA)-l,deg(y/X)) 
and g denotes the genus of X . 

Proof. (1) If TT is etale, Proposition 16.111 gives a morphism 

evx '■ Pi'yni(7r, S^) — > Ja.c{H; Z) = Jac(F). 

Moreover by Proposition 16.131 we have eyA(Prym(7r, Si^)o) = Pa- Since we have assumed that 
Pa is trivial, the evaluation map evx is injective by Proposition 15.21 Hence the map evx is also 
injective and induces isomorphisms by restriction 

evx : Prym(7r,§^)o Pa C Jac(F), evx : Prym(7r,§^)„ ^^(Pa) C Jac(F), 

where Ta{Px) denotes the translate by an element a G Jac(y) of the Prym variety Pa. In order 
to show (1) it suffices to show that LY\Ta{Px) is divisible by gA- 

We first consider the case A minuscule, i.e. k = 1 with the notation of section 7.4. In that 
case the commutative diagram of Proposition 17.71 simplifies 

Prym(7r,§^)„ > T^iPx) 



Mx{G) Mx{SL{m)). 
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With the notation of section 7.2 we know that p\T> = C®'^^. Hence the hne bundle 

is divisible by d\ = qx. Since the first horizontal map evx is an isomorphism, we deduce that 
{ip^yv = LylTa^Px) is also divisible by qx- 

In the case A is quasi-minuscule, we have k = 2 and A2 = 0. Hence H2 = Stab(O) = W and 
iIj2 = id : Y2 = X X . Moreover et>o : Prym(7r, E>^)n — > Jac(X) is the constant zero map and 
the commutative diagram of Proposition 17.71 simplifies 



Prym(7r, §<^)„ T„(P; 



A 



9 



MxiG) Xx(SL(m)), 

with ipmi^M) = ipu^M) © C^"^ for M G Jac(y). We then conclude as in the case of a minuscule 
weight. 

(2) Let S denote the usual Prym variety Prym(y/X). Then we recall from section 3.5 that 
Pa = ini(MA) C S and that the endomorphism ux G End(S') satisfies the relation u\ = qxUx- 
Hence we can apply Proposition 12.101 (a), which says that the type of the polarization K{M) 
is given by 

K{M)=ux{K{Ly\S)), 

where Ly\S denotes the restriction of the line bundle Ly to S. Since ip* '■ Jac(X) — > Jac(F) 
is injective, we have — see Remark 12.11 (ii) — the equalities 5* = Prym(y/X) = im{d — t) 
and ilj*Ja.c{X) = im(t), where t G End(Jac(y)) denotes endomorphism associated to the trace 
correspondence of ip : Y ^ X. By |BLt Corollary 12.1.4] or Lemma [2.51 we obtain that 

K{Ly\S) = K{LY\Jac{X)) = Jac(X) n S. 

Moreover /s:(Ly | Jac(X)) = [Jac(X)d] = (Z/rfZ)^^, with d = deg(F/X). We deduce from 
Corollary [3212) that uxt = {deg(Kx) - l)t and since K{Ly\S) C im(t) = ^/'*Jac(X) we obtain 
that ux{K{Ly\S)) equals the image of the multiphcation by deg(-ft'A) — 1 in the group (Z/c?Z)^^. 
This proves the assertion (2). □ 



We deduce from Lemma 15.41 and from the two tables of section 4 the following list of ex- 
amples satisfying the 5 conditions of Theorem 18. 1[ This shows the main theorem stated in the 
introduction. 

Corollary 8.2. The type K{M) = (Z/mZ)^^ of the induced polarization Ly\p^ = M®'^^ on the 
Prym variety Px is given by the table. 



Weyl group of type 


weight 


qx = dx 


m 




Wi] {i,n + 1) = \ 


(T-l) 


n + l 


Dn; n odd 




2n-i 


4 


Eq 


ZUi, ZUq 


6 


3 




Wj 


12 


2 


Es 




60 


1 



30 



Version February 2, 2008 



Proof. We only have to check that ip* : Jac(X) Jac(y) is injective in the cases mentioned 
in the table. This follows from the formula keiip* = ker(W^* — H*), where W* and H* denote 
the groups of characters of W and H, and from a straightforward case-by-case study. □ 
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